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1. BASICS FROM REPRESENTATION THEORY
1.1. REPRESENTATIONS

Definition 1. A group (G, -) is a set G together with a binary operation - : G x G — G satisfying:
e Associativity: a- (b-c) = (a-b)-cforalla,b,c € G.
o Identity element: there exists an elemente € G withe-g=g-e=gforallg € G.

o Inverse: for all g € G, there exists h € G with g-h = h- g = e. Such an element & is unique; it is called
the inverse of g, and is denoted by g~

Example 1. If (F, +,-) is a field, then (F, +) is a group. The collection of bijections from the set {1,2,...,n} to
itself is the symmetric group S,. The set of invertible linear maps from a vector space V to itself is the general
linear group GL(V).

Representation theory is the study of groups via group actions on vector spaces.

Definition 2. An action of a group Gonaset Xisamap ¢ : G x X — X such thatforallx € Xand g,k € G it
holds that ¢ (e, x) = x and ¢(g, ¢(h, x)) = ¢(gh, x).

Definition 3. A representation (¢, V) of a group G on a vector space V (over a field F) is a group homomor-
phism ¢ : G — GL(V).

A representation always satisfies ¢(e) = 1y and ¢(g~1) = ¢(g) . The dimension or degree of a representation
(¢, V) is the dimension of V. This course only deals with finite-dimensional representations. Rename?

Example 2. Let G be a cyclic group of order d generated by g. Let V = C* with basis |0),|1),..., |d — 1).
Consider a linear operator X on V defined by X|i) = |i+1 mod d) for all i. Then the map g — X determines
a representation (¢, V) of G. Another representation (¢’, V) is defined the map g ++ Z, where Z|j) = w/|) for
a primitive d-th root of unity.

The two representations in the example above are essentially the same, a notion which we now make precise:

Definition 4. Let G be a group. Two representations (¢, V) and (¢’, V') of G are said to be isomorphic or similar
if there exists a vector space isomorphism ¢ : V — V' such that ¢/(g) = o ¢(g) o p~! forall g € G.

For example, the matrix X corresponding to the shift |i) — | [i — 1] (mod d)) of |0), ..., |d — 1) has eigenvalues
e?™k/d for k = 0,1,...d — 1. Hence, if w = ¢¥™/4, a primitive root of unity, then the unitary U diagonalizing X
satisfies ¢/ = Uo go U'.

Here are some examples of representations for any group G:

Example 3. The trivial representation: ¢(g) = 1y for all ¢ € G, where F is some field.

Example 4. The regular representation of a (finite) group G: Let n = |G| and V = C" with basis {|g) }¢cc-
The linear extension of the map ¢(g) : |h) — |gh) to all of V is called the regular representation. Conversely,
let (i, W) be a representation such that there exists w € W so that {{(g)(w) }4ec is a basis of W. Then ¢ is
isomorphic to the regular representation.

Example 5. The permutation representation: Let X be a finite set and G be a group acting on X. Consider the
free vector space generated by X, i.e.,, V = C", where m = |X|, and {|x) }yex is a basis for V. Then the linear
extension of the map ¢(g) : |x) — |gx) defines the permutation representation of G.

Note that the regular representation of G is the permutation representation of G that results from G acting on
itself by left multiplication.

1.2. IRREDUCIBLE REPRESENTATIONS AND DECOMPOSITIONS
Definition 5. Let (¢, V) be a representation of a group G. A subspace W C V is called invariant or stable if
¢(g)|w) € Wforall |w) € Wand g € G. The restriction ¢|w of ¢ onto W is called a subrepresentation.

Example 6. Let G be a finite group with n = |G| and (¢, C") be the regular representation. Let W =
span(YLecc [8))- Then (¢|w, W) is a subrepresentation of (¢, C").

Note {0} and V are always invariant subspaces.



Definition 6. A representation (¢, V) is called irreducible if {0} and V are the only invariant subspaces of V.

A one-dimensional representation is always irreducible. For example, the one-dimensional subspace W in
example 6 is irreducible. A goal of representation theory is to find all irreducible representations of a group G.

Definition 7. Let (¢1, V1) and (¢2, V2) be a representation of a group G. Then the direct sum V; @ V; affords
the representation [(¢1 ® ¢2)(g)](v1 ® v2) := [91(g)](v1) ® [@2(g)](v2) of G; this is called the direct sum of the
representations (@1, V1) and (¢2, Vo).

Definition 8. A representation is called completely reducible if it decomposes as a direct sum of irreducible
representations.

Proposition 1.1. Let (¢, V) be a representation of a finite group G, where V is a vector space over a field
whose characteristic does not divide the order of G. Then every G-invariant subspace W has a G-invariant
complement W/, i.e.,, V.= W @& W’ (as vector spaces and as representations).

Proof sketch. Let Py be the projection onto W and define

Qw = |G|Z<P g)oPyog(g) .
g€G

Then one can check that Im Qyw = W and W’ := ker Qyy is the desired G-invariant complement. |

Alternate proof using Weyl's unitarity trick. Let (¢, V) be arepresentationover Candlet (-|-) : VXV —
C be an inner product on V. Define a new inner product by

(o) = g7 L (ple)olo(e)).

8€G

Then for every G-invariant subspace W the orthogonal complement W+ (taken w.r.t. (-|-)s) is G-
invariant as well, and V = W & W+ as representations. Moreover, (¢, V) is a unitary representation
wrt (-|)g, thatis, (G) C U(V) and p(g™") = ¢(8) ™" = @(8)".

For general unitary representations (¢, V) and an invariant subspace W C V, the orthogonal comple-
ment W+ is again invariant. |

Proposition 1.2 (Maschke’s theorem). Every finite-dimensional representation of a finite group G over a field
with characteristic not dividing |G| is completely reducible.

Proof. Use induction on dim V and the preceding proposition. |

The proposition above is referred to as Maschke’s theorem, and when the representation is over C, it says that
for a finite group G and a finite-dimensional representation V of G over C, we can write V. = V; @ --- @ Vj,
with each V; irreducible. Is this decomposition unique?

Proposition 1.3 (Schur’s Lemma). Let (@1, V;) and (¢, V2) be irreducible representations of a group G, and
let f : V1 — V; be a G-equivariant linear map, that is, f satisfies f o ¢1(g) = @2(g) o f for all ¢ € G. Then:

(1) Either f is invertible (and hence V; = V,) or f = 0.

(2) If Vi = V; is finite-dimensional over an algebraically closed field F (for example IF = C), then f = Aly,
for some A € F.

Proof. (1) Suppose f # 0. Then ker f # Vj is a G-invariant subspace of Vi, so ker f = {0} by
irreducibility of V. Likewise, Im f # {0} is a G-invariant subspace of V,, so Im f = V; by
irreducibility of V. This proves f is invertible.

(2) F being algebraically closed guarantees that the linear map f has an eigenvalue, say A € [F. The
map f' = f = Aly, is G-equivariant, and it is not invertible since its kernel has a non-zero
eigenvector of f. By (1), it follows that f' = 0,and so f = Aly,. W



Corollary 1. Let G be an abelian group. Then any complex irreducible representation of G is one-dimensional.

Definition 9 (Isotypical component). Let V be a finite-dimensional representation of a finite group G over
C, and consider a decomposition V = @V}, where each V; is the direct sum of 1 copies of an irreducible
representation Wy of G, ie., Viy = Wy @ --- ¢ Wy = W,jen" = Wi ® C™, such that Wy 2 Wi for j # k. Then V; is
called an isotypical component.

An application of Schur’s lemma shows:

Proposition 1.4. The decomposition V = @ Vj of a representation V into isotypical components V; is unique,
and so are the multiplicities 1y of Wy in V4.

Proof. See [Tel05]. |

2. BASICS FROM REPRESENTATION THEORY (CONTD.)
2.1. TENSOR AND DUAL REPRESENTATIONS, HOM SPACES

Definition 10. Let (¢, V) and (3, W) be representations of a group G. Then (¢ ® ¢)(g) := ¢(g) ® ¢(g) defines
a representation on V ® W called the tensor representation.

Note: even if V and W are irreducible representations, the representation V ® W is in general reducible.

Example 7. Let (¢, V) be a representation of G and consider the tensor representation W = V ® V. Let
F:V®V — V®V be the swap operator defined as the linear extension of the map F(|x) ® |y)) = |y) ® |x)
for |x),|y) € V. Then we have the decomposition V ® V = Sym?(V) @ Alt?(V), where Sym?(V) := {|z) €
VeV :Flz) = |z)} and Al (V) := {|z) € VRV : F|z) = —|z)}. Sym?(V) and Alt*(V) are both G-invariant
subspaces called the symmetric and antisymmetric square respectively.

Definition 11. Let (¢, V) be a representation of G. Write V* for the dual space of V, i.e., V* is the set of linear
maps from V to C. The dual representation (¢*, V*) is defined as ¢*(g)(L) := Lo ¢(g) ' forg € Gand L € V*.

The dual representation satisfies forallg € G, [v) € V, (w| € V* that 9*(g) = ¢(¢~!)T and (¢*(g)(w]|)(9(g)|v)) =
(w]e* ()T 9(g)|v) = (w|v). It also holds that (¢*, V*) is irreducible iff (¢, V) is, and if (¢, V) is unitary then

¢*(g) = ¢(g) (ie. p*(g) is the complex conjugate of ¢(g)).
Definition 12. Let V, W be two vector spaces over F. Then Hom(V, W) is the vector space of linear maps from
V to W. Now let (¢, V), (3, W) be two representations of a group G. Then G acts on Hom(V, W) by sending
f:V —=Wtop(g)o foge(g)"!, which turns Hom(V, W) into a representation of G.
Note that setting W = C in the definition above with the trivial action of G recovers the dual representation of
G. We also have
(1) Hom(V, W) = V* ® W as vector spaces and representations.
(2) The set of vectors in V invariant under the action of G make up the set V© := {|o) € V : ¢(g)|v) =
|v) for all ¢ € G}. With this notation we have Homg (V, W) := Hom(V, W)® = (V* @ W)C.
(3) If V = @;V; is an isotypical decomposition with isotypical components V; = W:" for pairwise inequiv-
alent irreducible representations W; of G, then n; = dim Homg (V, V;) = dim(V* ® V;)C.

2.2. GROUP ALGEBRA AND CHARACTERS

Recall that in defining the regular representation of a group G we denoted by V the free vector space on
the elements {|g)}scc of G, that is, V is the set of formal linear combination of elements of G. The group
multiplication endows V with the structure of an algebra, with multiplication defined by

LZ Cg|8>] : [Z dh|h>] = ), cednlgh) =) filg),
€eG heG gheG geG

with f¢ = Y peg Cgp-14d,. This multiplication on V' is associative, has the group identity element ¢ as the multi-

plicative identity, and satisfies distributivity over addition. Thus (V, +, -) is an algebra, called the group algebra,
and is denoted by C[G] (alternatively CG, Ac(G)).



A representation of an algebra A over a field F is an algebra homomorphism A — Endp(V) into the algebra
of endomorphisms on an F-vector space V with multiplication defined by composition of linear operators on
V.

For A = C[G], any representation (¢, V) of G can be extended to a representation (¢, V) of C[G] by setting
#(|g)) = ¢(g) and linearly extending to all of C[G]. Conversely, any t (¢, V) of C[G] yields a t of G by
restricting ¢ to {|g) }. Therefore representations of G correspond exactly to representations of C[G].

Another interpretation of elements of C[G] is as functions f : G — C : the element Y, c¢|g) can be thought
of as the function that maps ¢ € G to cg. Functions from G to C that are constant on conjugacy classes of G, i.e.
they satisfy f(g) = f(hgh™!) forall g,h € G, are called class functions. The set of class functions is exactly the
center Z(C[G]) = {f € C[G] : fg = gf forall ¢ € C[G]} of the group algebra.

Definition 13. Let (¢, V) be a representation of G. The character x = x, of (¢, V) is the class function defined
by x(g) = tr(¢(g))-

Here we list basic properties of the character of a representation. The character of a representation evaluated
at the identity of the group gives the dimension of the representation. If (¢, V) is unitary, then x(¢~!) = x(g).
The character xyy of a direct sum of two representations V and W is the sum of the individual characters
Xy and xpy. The character xyy of a tensor product of two representations V and W is the product of the
individual characters x, and xy.

In the following proposition we will use an inner product structure on C[G], which we now define. For x =

YgeG Xgl8), ¥ = Lgec Yglg) in C[G], set (x,y) = & Lgec Tgls-

Proposition 2.1. Let W; for i = 1, ..., k be pairwise independent irreducible representations of a group G, and
denote by yx; the corresponding characters. Then (;, x;) = d;;. Moreover, any class function orthogonal to all

Xs is identically 0. Hence, { Xi}ile is an orthonormal basis of the set of class functions.

Proof. See [Ser77], [Tel05] for a proof. |

Corollary 2. Proposition 2.1 has the following corollaries.
(1) The multiplicity of an irreducible representation W in some representation V' is (xy, xw)-
(2) Visirreducible iff (xy, xy) = 1.
(3) Two representations are isomorphic iff they have the same character.
(4) The number of distinct irreducible representations of a finite group G is equal to the number of conju-
gacy classes.

We now determine the character of the regular representation R(G) of a finite group G. Recall that R(G) has
basis {[g) }sec and G acts by left multiplication ¢(g) : |h) — |gh). Therefore xg(c)(8) = tr ¢(g) = |G|Jg..

Corollary 3. Combining the previous corollary with the character of the regular representation yields:
(1) The multiplicity of any irreducible representation in the regular representation is equal to its dimen-
sion.
(2) Let Wy, ..., Wi be a complete list of irreducible representations of G. Then every W; appears in R(G)
and

k
Z (dim W;)? = |G|.
=1

Proposition 2.2. Let (¢, V) be a representation of G and W be a fixed irreducible representation with character
Xw- Then the projection onto the isotypical component of W in V is

dim W

Py = ZXW
|G| g€G

In particular, P = ﬁ Yeec ¢(g) projects onto VG ={|v) € V:@(g)|v) = |v) forall g € G}.



2.3. FROM FINITE AND COMPACT GROUPS

Definition 14. A topological group is a group G endowed with a topology such that group multiplication and
inversion are continuous. A compact group is a topological group that is compact, that is, every open cover of
G has a finite subcover. Closed subgroups of a compact group are also compact groups.

Definition 15. A representation (¢, V) of a topological group G on a normed, finite-dimensional vector space V
is a continuous group homomorphism ¢ : G — GL(V).

Recall that the averaging operation ‘1@ Y ¢cc over a finite group was essential for proving Maschke’s theorem,
character formulas etc.

For compact groups we can replace this discrete averaging by a suitable integral to recover many of the previ-
ous results for finite group also for compact groups.

Proposition 2.3. Let G be a compact group. There exists a unique measure dg on G, called the Haar measure,
satisfying:
(1) Invariance: for every continuous function f : G — C and every h € G,

/Gf(g) dg = /Gf(gh) dg = /Gf(hg) dg-
(2) Normalization: [,1dg = 1.

Example 8. Every finite group with the discrete topology is a compact group, and dg = ﬁ, Jodg = ﬁ Y-

Example 9. The circle group T = {z € C: |z| = 1} = {exp(if) : 6 € [0,277)} has Haar measure dg = 5 df.

Using the Haar measure, one can prove analogous statements about finite-dimensional representations of
compact groups, e.g.:

(1) Every G-invariant subspace has a G-invariant complement.

(2) Every representation decomposes as a sum of irreducible representations.

(3) Most aspects of character theory also carry over to the compact case (note however that if G is an

infinite compact group, then expressions involving |G| may no longer be valid).

The regular representation of a compact group G is defined as the Hilbert space L?(G) of square integrable
functions on G, with the action of G given by ¢(g)(f)(h) = f(g~'h). If |G| = oo, then dim L?(G) = co. We
have the following theorem about the decomposition of the regular representation for compact groups.

Proposition 2.4. Let G be a compact group.
(1) The linear span of all matrix coefficients of the irreducible unitary representations of G is dense in
L%(G).
(2) Every irreducible unitary representation of G is finite-dimensional.
(3) The regular representation (which has infinite dimension if G is not finite) L?(G) decomposes into a
direct sum of the irreducible unitary representations of G, each occurring with multiplicity equal to its
dimension. The matrix coefficients of the complete set of irreps form an orthonormal basis of L*(G).

Proof. See Theorem 1.12, [Knal6]. |

3. SCHUR-WEYL DUALITY
3.1. REPRESENTATIONS OF DIRECT PRODUCT GROUPS

Definition 16. Let G and H be groups. The direct product G x H of G and H is a group; the underlying set
isGx H = {(gh) : § € G h € H} with multiplication defined as (g1,h1) - (g2,h2) = (8182, h1h2) for all
1,82 € Gand hy, hy € H.

Definition 17. Let (¢, V) and (i, W) be representations of groups G and H respectively. Then V&W affords
the external product representation of the direct product G x H by defining (¢®¢)(g, ) := ¢(g) @ ¢(h), where
the notation V&W is used to distinguish it from the tensor representation V ® W from Section 2.1.



Remark.
(1) If (¢, V) and (g, W) are irreducible, then so is (¢p&p, VEW).
(2) Every irreducible representation of G x H arises this way.

3.2. DOUBLE COMMUTANT THEOREM

Definition 18. Let A be a subset of an algebra C. The commutant A’ of A is the collection of all elements in C
commuting with all of cA:

A ={beC:ab=rbaforallac A}.

For a vector space V, the algebra of operators acting on V is denoted End (V).

Lemma 3.1. Let V and W be finite-dimensional complex vector spaces. The commutant of End(V) ® Ly in
End(V® W) 2 End(V) ® End(W) is 1y @ End(W).

Proof. Set A =End(V) ® 1y and B = 1y ® End(W). Clearly, an element 1y ® b € B commutes with
every element s ® 1y € A, and hence B C A'.
Suppose now thata ® 1y € Aand @ € A’ are arbitrary. Let dim W = n and write

a 0 0 apy a4 v A1
0 a 0 _ ayy axp - Ay
a®ly = and a =
0
00 a Ayl A2 - Amn
Then
aayy aayp - aay,
_ aay; aayp - ady,
(a@lw)a=| . . . 1)
ady,1 Adgy - Ay
apla  apa - aea
aya apa - A
= 2
Ay1d Ap2d - Appad
=a(a® ly). ®)

Hence, for fixed i, j, we have [a, c?l-]-] =0 forall 2 € End(V), and so 117]- = Ajjl 4 for some A;; € C. Let
b € End(W) be defined by (b);j = Ajj, thend = 1y @b € 14 ® End(W) = B,and thus A’ C B. H

We can now the prove the double commutant theorem.

Proposition 3.2. Let (¢, V) be a representation of a finite group G with decomposition V = @,V, ® C"« into
pairwise inequivalent irreducible representations V, with multiplicity n,. Let A C End(V) be the subalgebra
generated by ¢, and set B = A’. Then:

(1) A= @y End(V,) ® 1om

(2) B = @uly, ® End(C™)

BB =A)=A

Proof. Let (¢, Vi) be the irreducible representations appearing in (¢, V) and set d, = dim V.
(1) An application of Schur’s lemma ([Ser77], Sec 2.2) shows

EY © Lo =du Y pa(9)i9(8) € A,
g€G



where ¢4(g);j is the (i, j)-elementary matrix in End(V,). Since the Ej is the (i,j)-elementary
matrix in End(V4). Since the Ef; are a basis of End(V,), we have

@y End(V,) @ Iome C A.
The reverse inclusion follows by the decomposition of V into isotypical components V, @ C"s,
and hence we have equality.

(2) First we show
B C EB,X]lVA X End((C”“).

Let P, be the projection onto V,, that is, Py A = V, ® C". Then every b € B commutes with Py
by definition, and hence b = 1.4b = Y, Psb = ¥, PsbPy = Y, b, where b, € End(V, ® C").
By the preceding lemma, by = 1y, ® l;; for some Z;,X € End(C"), as was to be shown. The other
inclusion holds since for b, € End(C"), &,1y, ® b, commutes with any &4, ® Ione € A.

(3) This follows by a similar argument to (2). ]

3.3. SCHUR-WEYL DUALITY

We now focus on the following two groups:
e the symmetric group S,, which is the set of bijections from {1, ..., n} to itself.
e the unitary group U; = {U € £(CY) : utu =uUu* =1, }.
The symmetric group has a representation on (C%)®" with the action of 7t € S, given by the map ¢ defined on
a basis of (C4)®" as:
() ([$1) @+ @ [Pn)) = [Pr11) @ @ [Pr1())-

The unitary group also has a representation on (C%)®" with the action of U € U, given by the map w defined
on a basis of (C%)®" as:

W) (1) @ @ [Pn)) = [Pr101)) @+ @ [Pr1())-
Definition 19. The symmetric subspace Sym" (V), also called the n-th symmetric power of V, is the subspace
Sym" (V) = (VE")S1 = {|v) € V" : g(71)|v) = |0) forall T € S, }.
With P = L ¥ s ¢(7), we have Sym" (V) = PV®".
Lemma 3.3. Sym” (V) = span{|0)®" : |0) € V}.

Proof. Let {|e;)}7_, be an orthonormal basis for V, with d = dim V. By definition Sym" (V') is spanned

by the vectors
[0iyi) = ) @()(le) @ - ®ez,)) 4)
TES,
= ey, )@--@le ) ®)
ﬂ‘;f” 1) 1 (n)

for indices i; € {1,...,d} j = 1,...,n. This proves span{|0)®" : [v) € V} € Sym" (V).
To show the other inclusion, we rewrite the vectors [v;,...;,) using derivatives as

n
Uiy i) = Opy -+ 0p, (leiy) + ;Aﬂel}‘»@n

i Ap=-=Ap=0

Using the definition of the derivative, we have

e (e Al — e
A=0 A;—0 Aj '

3, (Jex) + Agle;)) "

The |v;,...;,) are limits of elements in W = span{[0)®" : [v) € V}, and since W is finite-dimensional
and thus closed in Sym"(V), we have |v;,...;,) € W for all indices iy, ..., iy It follows that Sym" (V') C
W. ]



Corollary 4. Let C € End(V®") be such that ¢(71) C ¢(7r)" = Cforall m € S,. Then C € span{X®" : X €
End(V)}.

Proof. Let W = End(V®") = End(V)®" and let {|¢;)}%_, be a fixed basis of V. Consider the basis
{Eij}?,j:l of End(V), where E;; : |ex) + Jjkle;). Denote by ¢ : S, — GL(V®") then tensor rep-
resentation of S, on V®" and by ¢ : S, — GL(W) the analogous tensor representation of S, on
W = End(V)®". Then ¢(7r) acting on X € End(V®") has the matrix representation ¢(7r)X¢(7) .
The claim then follows from the preceding lemma applied to (¢, W). W

In what follows we view w : X — X®" as a representation of GL(V) = {X € End(V) : X is invertible}.

Proposition 3.4. A representation of U; (d = dim V) is irreducible if and only if the corresponding represen-
tation of GL(V) is irreducible.

Proof. For a proof, see [Alc18]. |

Proposition 3.5. S, and GL(V) span each other’s commutants in End(V®").

Proof. Let A C End(V®") be the subalgebra generated by ¢(7), 7w € S, and let B C End(V®") be the
subalgebra generated by w(g), g € GL(V). Since ¢(7r) and w(U) commute forall 7w € S, U € Uy, we
have B C A’. The previous corollary shows that A" = span{X®" : X € End(V)}. Let X € End(V),
then X + t1 is invertible for all but finitely many t, and so (X + t1)®" € B for all but finitely many ¢.
But (X + t1)®" is a polynomial in t of degree 1, and by Lagrange’s interpolation theorem determined
by any n + 1 distinct points. Hence, (X + t1)®" € B for all ¢, in particular for ¢t = 0. It follows that
A" = span{X®" : X € End(V)} € B, hence A" = B. The Double Commutant theorem now implies
B’ = A, which concludes the proof. W

Proposition 3.6. Let V = C? and (¢, V¥") and (w, V®) be the tensor representations of S, and GL (V) defined
above. As a representation of S, x GL(V), the space V®" decomposes as

Ve =P Vy@U,,
A

where (¢), V) ) and (w,, U, ) are inequivalent irreducible representations of S,, and GL(V') respectively and

¢(7) = P oa(m) @ 1y, for 7w € S, (6)
A

w(g) = P 1y, @ wa(g) for g € GL(V). @)
A

The same assertion holds when GL(V) is replaced with Uy.

Proof. The decomposition of V®" follows from the Double Commutant Theorem and the fact that
Sn and GL(V) span each other’s commutant. It remains to show that U, = Homg, (V), V®") is an
irreducible representation of GL(V') (or Uy). By Schur’s lemma, this is equivalent to showing that

Endcy vy (Ua) 1= Homgy vy (Ua, Uy) = C.
We have Z(End(U,)) = C. Schur’s lemma and the above decomposition show that
Endg, (V®") = &, End(U,) (8)
Bndgyvyxs, (V") = @) Endgy vy (Uy). 9)
Since Endg, (V") = span{X®" : X € GL(V)}, we have
Endgp(v)xs, (V®") C Z(Ends, (VF")),

and hence also Endgy (v)(V*") C Z(End(U,)) =C. H



Summary. Schur-Weyl duality says that
Ve = BV, @ U,
A
as a representation of S, x Uy, with V), and U, being irreps of S;; and U respectively.
The next chapter is a discussion of the index A and the irreps V), U,.

4. IRREPS OF SYMMETRIC AND UNITARY GROUPS
4.1. MINIMAL PROJECTIONS AND IRREDUCIBLE REPRESENTATIONS

Recall that for a given finite group G, the group algebra C[G] was defined as the C-vector space with basis
{1g) } gec and multiplication

<2cg|g>> ~ (;hecmm) = Y codylgh).

8€G gheG

Definition 20. A projection in C[G] is an element p € C[G] with p?> = p. A non-zero projection p is called
minimal, if there are no non-zero projections g, such that p = g + r. Two projections p and g are equivalent if
there are invertible elements x,y € C[G] such that xpy = g, and disjoint if pzqg = 0 for all z € C[G].

Definition 21. A central projection in C[G] is a projection in Z(C[G]) = {x € C[G] : xy = yx forally € C[G]}.
A non-zero central projection is called minimal if it cannot be written as a sum of non-zero central projections.

Proposition 4.1. Let G be a finite group with group algebra A = C[G]. Irreducible representations of G are in
one-to-one correspondence with:

e equivalence classes of minimal projections in cA.

e minimal central projections in .A.
Let (¢q, Vo) be an irreducible representation of G with character x,(g) = tr ¢.(g). Then

_dim V,
= el

is the minimal central projection corresponding to (¢n, Vi ).

Proof idea. Use the fact that C[G] = @&, End(C%), where a runs through the irreducible representa-
tions, and that the centre End(C%) is 1-dimensional and spanned by x,. M

Corollary 5. Let (¢, V) be a representation of a finite group G with isotypical decomposition V = &,V, and
Vo = Wy @ - - - ® W, for inequivalent irreducible representations W, of G. Let x, be the character of W,. Then

dim Wy v~ ——
M=o L Xa(8)e(”)
| | g€G

projects onto the isotypical component V, of V.

4.2. CONJUGACY CLASSES OF THE SYMMETRIC GROUP

Recall from character theory that for a finite group G, the number of irreducible representations of G is equal
to the number of conjugacy classes of G.

The relation ~ on G defined as: ¢ ~ h if and only if there exists s € G such that ¢ = shs~! is an equivalence
relation. The equivalence classes Cy, ..., Cy are called conjugacy classes and these form a partition of G, so G =
l—li'(:l C;.

Facts about permutations:

(1) Every permutation 7 € S, can be written uniquely as a product of disjoint cycles, e.g., 7 = (13)(2)(465) €
Se. The cycle type of a permutation 7t € S, is the tuple of cycle lengths in non-increasing order. For
example 71 = (14)(236)(58)(7) has cycle type (3,2,2,1).
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(2) Cycletypes (A4, ...,A;) of a permutation 71 € S, form an ordered partitionofn: Ay > Ay > --- > A; >0
and Z‘ii:l A =n.
We use the notation A I-; n for an ordered partition of n into at most d parts.
Note: If d < n then not all possible partitions or cycle types appear.

(3) Two permutations 77, 7t are conjugate iff they have the same cycle type: let (iy, ..., iy ) be a cycle of length
kand o € S, be arbitrary (k < n), then o'(iy, ..., ix)o ! = (¢(i1), ..., o (ix)).

(4) It follows from (1) — (3) above that the conjugacy classes of S, and hence its irreducible representa-
tions, are indexed by the ordered partitions of n into n parts.

4.3. CONSTRUCTING THE IRREPS OF S;,; AND Uy

Irreducible representations of S, are in bijection with ordered partitions of #.

Definition 22. Let A -; n be a partition of n into at most d parts. The Young diagram corresponding to A ;3 n
is an arrangement of 7 boxes into 4 rows such that the i-th row has length A;.

For example A = (3,2,2,1) -4 8 has Young diagram:

A Young tableau is a Young diagram where boxes are labeled with numbers {1, ..., N} where N # 1 in general.
A standard Young tableau is a Young tableau with N = n where the labels are increasing along rows (left to
right) and along columns (top to bottom).

A semistandard Young tableau is a Young tableau whose labels are non-decreasing along rows and increasing
along columns.

Example 10. Standard Young tableaux:

11213 124\ 125\ 134 1]13]5
45 305 304 215 2[4

Semistandard Young tableaux with numbering {1,2}:

111\ 112\
22 202

Schur-Weyl duality gives

d @n _
(C ) = /\Gh?n Vi@ U,,

where
o theirrep V) of S, has an orthonormal basis index by the set of standard Young tableaux of shape A -4 n.
o the irrep U, of U; has an orthonormal basis indexed by the set of semistandard Young tableaux of
shape A F; n and numbering {1, ..., d}.
Recall that every permutation 771 € S, can be written as a product of at most n — 1 transpositions (jk) with
1<j<k<n.

Definition 23. Write 7 = 17 - - - 4 € S,, for transpositions 7;. The sign of 7 is defined as sgn(7) = (—1)*.

Let T be a standard Young tableau of shape A I-; n. Define two subgroups Rt, Ct of S;; as
Rr:= {m € S, : m permutes integers within rows of T}

Cr := {m € S, : ™ permutes integers within columns of T}.

11



Example 11. The table below lists standard Young tableau T of shape A -3 6 and the corresponding groups
Rr, Cr.

r |A1203)]  [1]2] i)

Rt 53 {e,(12)(3)} = 55 | {e,(13)(2)} = 5,

Cr| {e} =51 [{e(13)(2)} =52 | {(12)3)} =5, Ss

We define two elements in C[S,,]:

rT = Z T cr = 2 sgn (7).

mTeRT neCr
Definition 24. For given standard Young tableaux T of shape A I n, the Young symmetrizer et is defined as
eér ‘= 1r7Cr.
Example 12. For A = (n) F n, we have cr = {e}, Rt = Sy and er = ¥ ;cg, 1. For A = (1,...,1), we have
er = Lnes, sgn(7) 7.

Proposition 4.2. Let T be a Young tableau of shape A - 7, and let et be the corresponding Young symmetrizer.

Then fr := %eT is the minimal projection in C[S,| corresponding to the irreducible representation V) of S,
that is, V) = C[S,]er. Here,
n!

IT(i,jyer B(i f)

where for a box (i, j) in row i and column j of A we define the hook length

d) := dim V),

h(i,j) = number of boxes to the right of (i, ) (10)
+ number of boxes below (i, ) (11)
+1. (12)

The V), are called Specht modules. Every irreducible representation of S, is isomorphic to a Specht module V)
for some A 1, and V), 2 V), for A # A'.

Proof. See [Chr06] or [Alc18]. |
Example 13. For the Young diagram A given by

[

the hook length of the box at (1,2) is h(1,2) = 3+ 2+ 1 = 6. The dimension of the corresponding irreducible

Proposition 4.3. Let [v) € V®", and for a standard Young tableau T of shape A I n. Consider the Young
symmetrizer er. Let p be the number of parts of the partition A (or the number of non-zero rows of the Young
diagram A).
o If p < d = dimV, then C[S,]er|v) is an irreducible representation of S, isomorphic to the Specht
module V.
e If p < d, then erV®" is an irreducible representation of GL(V) (or U,) on V®". These are inequivalent
Young tableaux of different shape.
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e Using the above, we have the Schur-Weyl decomposition of V" with d = dim V as an S,, x Uy repre-

sentation:
yen — @ V)\ (024 U,\.
)\}—dTl
Proof. See [Chr06]. |
The dimensions of V) and U} are given by:
n!
d)\ = dim V/\ = = 7N
[T jyea h(i f)
Ai—Ai+j—i
my = dim UA = H #
1<i<j<d J—1
The Schur-Weyl decomposition shows that
a' = Z d)\m;\.
)\Fdn
Example 14. If A is the Young diagram
then
dy =525
and

o341 342 443 041 142 141
AT 2 3 1 2 1

5. MATHEMATICS OF FINITE DIMENSIONAL QUANTUM INFORMATION THEORY
5.1. QUANTUM SYSTEMS AND QUANTUM STATES

A quantum system is a physical system with one or more quantum-mechanical degrees of freedom that are
either discrete or continuous:

e position and momentum of a particle

e spin of a particle (e.g. spin along z-axis of an electron)

e polarization of a photon
The motivating example we will use is that of the spin of an electron. There are two possible “basis states”:
spin up (1) and spin down (/). Each of these is assigned a vector in the state space C*:

The superposition principle states that a quantum state can be prepared in a state |¢) = «a|1) + B|}), where
a, B € C satisfy |«|? + |B|*> = 1. The probabilities of finding electron in spin-up or spin-down are given Pr(1
)= (1) > = |a? and Pr(}) = [ (L [9) |> = B[
More formally:
(1) The state space describing a quantum system is given by a Hilbert space, a complex inner-product space
that is complete. We restrict our attention to finite-dimensional Hilbert spaces H = C*.
(2) Observable quantities are represented by Hermitian operators A € {X € L(H) : X' = X}. The real
eigenvalues of A can be measured in an experiment.
(3) A state of a quantum system assigns an expectation value to observables, that is, it describes the ex-
pected measurement statistics of an observable in a quantum system.
We identify states with density operators p € L(H) satisfying:
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e positivity: p > 0, i.e., (¢|p|p) > 0 forall |@) € H.
o normalization: trp = 1.
The expectation of an observable A w.r.t. a state p is given by

(@lolg) -

The set of density matrices of a finite-dimensional Hilbert space is convex and compact. That is, if p;
are density matrices and A; probabilities then p = }; A;p; is also a density matrix.

(4) A pure state is an extreme point in the convex set of density matrices, that is, it cannot be written non-
trivially as p = }_; A;0;. A pure density matrix has rank 1 and can be written as a projector p = |)(psi]
for some vector |¢) € H with (¢|p) = 1, or equivalently, trp = 1. |p) is also often called a pure state
or state state vector. A density matrix (state) that is not pure is called mixed.

(5) A collection of state vectors {|¢;) }; with probabilities {p;}; is called a pure state ensemble for a mixed
state p if

p= Zpi|lpi><¢i|~

Every mixed state has infinitely many pure-state ensembles realizing it. Every quantum state p has a
spectral decomposition; one can write p = Y_; A;|v;)(v;|, where A; are the eigenvalues of p and {|v;)}; is an
orthonormal basis of eigenvectors of p: p|v;) = A;|v;).

(6) Because p > 0and trp = 1, we have A; > 0 and }; A; = 1. Hence, the eigenvalues of a density matrix
form a probability distribution, thus generalizing “classical” states.

5.2. MEASUREMENTS

Definition 25. Let A be an observable on a quantum system # in the state p. Consider the spectral decompo-
sition
A=Y x.Py
o

where x, are the eigenvalues of A and P, are the orthogonal projectors onto the corresponding eigenspaces.
They satisfy:

(1) Px > 0, in particular P;r = P,.

(2) PuPg = 6pPu

(B LyPr=1
{ P} is called a projective measurement, that gives the value x, with probability pj, = tr(oPy).

For the p, to be probabilities, we only need (1) and (2) above.

Definition 26. A collection of operators {Ej }x with Ex > 0 and Y, Ex = 1 is called a positive operator-valued
measure (POVM). The Ej are often called effect operators. The outcome “k” is obtained with probability py =

tr(pE).
5.3. COMPOSITE SYSTEMS AND ENTANGLEMENT

Consider two quantum systems A and B with associated Hilbert spaces H 4 and Hp. The joint system AB is
described by the tensor product Hp = H4 ® Hp. A density matrix p4p for the joint system lies in L(H 4 ®
Hp), which is isomorphic to L(H 4) @ L(Hp).

The marginal state p 4 of a bipartite state p 45 is defined via

tr(pap(Xa ® 1p)) = tr(0aXa) (13)

forall X4 € L(H,). This uniquely defines a linear map trg : £L(Hap) — L(H,) called the partial trace. If
{|ei) g }i=1 is an orthonormal basis for g, then

dim B

trg Xap = ) (14 ® (ei]p)Xap(14 ® le;)p)-
i=

Equation 13 shows that the marginal p4 describes the effective state of system A when doing a local measure-
ment.
We distinguish between types of correlations between A and B:

14



(1) Product states: pap = wa @ op for states w4 and op. In a product state any local measurements do not
depend on the other system, hence A and B are completely uncorrelated.

) & Ug) for states (wg)) and Ug)

(2) Separable states: pap = 3 ; piwx ) and a probability distribution (p;);.
Separable states describe classical correlation between A and B corresponding to the index i. Condi-
tioned on this value i, the state wx) ® 01(51) is uncorrelated.

(38) Entangled states are states that are not separable. They describe quantum correlations.
Example 15. Let {|0),|1)} be a basis for C? and consider |®F) = %(|O>A ®10)g +11) 4 ®|1)p) is called EPR

state, Bell state or maximally entangled state.

1 0 0 1

1{0 0 0 O

ot = |q>+><(b+| = E 000 O
1 0 0 1

is not separable.

Note that a pure separable state is automatically a product state.
It is NP-hard to decide where a given mixed state is separable. However for pure states there is an efficient
criterion based on the singular value decomposition.

Proposition 5.1. Let |¢) ,; be a pure bipartite quantum state. Then there are sets of orthonormal vectors
{lei) 4 }i—y and {|f;) B}]f:l and strictly positive real numbers (A;);_; such that

) a5 = ﬁmeiu@ I

The Schmidt coefficients (A;)!_, satisfy }-;_; A; = 1, and are unique up to reordering. The integer r is called the
Schmidt rank of ) 5.
|§) 4p is entangled iff » > 1. The marginals of |¢) 4 are given by

r
pa =trgpap = Y _ Ailei)eil
iz

P =trapap = )_ Ailfi)fils
i=1

These are spectral decompositions, thatis p 4 and pp have the same spectrum given by the Schmidt coefficients,
and the Schmidt vectors {|e;) 4 } and {|[f;) ; } can be completed to eigenbases of p4 and pg respectively.

Proof sketch. Consider orthonormal bases {|v;) A}lill and {|w;) B}]‘.Ijl, and expand |) 45 =Y X j[0i) 4 @

|w;) 5- All claims now follow from the singular value decomposition of the matrix X with coefficients
xi,j. |

Definition 27. Let p4 be a mixed quantum state. Any state 1) .z € Ha ® Hp satisfying trg ar = pa where
‘Hr is some auxiliary Hilbert space, is called a purification of p 4.

Proposition 5.2. Let p4 be a mixed quantum state.
(1) A purification of p exists on H 4 ® Hg where dim Hr > rankp4.
(2) Let [¢) g, and |@) 4, be two purifications of p4, and without loss of generality assume dim Hg, <
dim Hg,. Then there exists an isometry V' : Hg, — Hg, such that |¢) .z, = (14 @ V) [¢) 4g,-

Proof. (1) Consider a spectral decomposition pg = Y1 ; A;|v;)(vi| 4, where A; > 0 such that r =
rank p 5. Take Hg = C" with orthonormal basis {|w;) g }/_;, then [¢p) 4, p := Y1 V/Aivi) 4 @ |w;)
is the desired purification.

(2) This follows from the Schmidt decomposition. ]
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5.4. DISTANCE MEASURES

Approximations are quantified using measures of how close quantum states are. There are many such mea-
sures of closeness; here we focus on two: fidelity and trace norm.

Definition 28. The trace norm of a linear operator X € £(H) is
d
IX] = tr VX*X =} Si(X),
i=1

where d = dim H and S;(X) are the singular values of X.

This defines a norm (in the usual sense) on £(H). In the special case when X is Hermitian with real eigenvalues
Ai, we have |[X]|; = £ 4.

Definition 29. Let p and o be quantum states on . Then their trace distance is defined as D(p, o) := 3o — c||;.

Properties of the trace distance.
(1) D(,-) is a metric, that is, it is non-negative, symmetric and satisfies the triangle inequality.
(2) 0 < D(p,0) < 1and D(p,0) = 0iff p = . With supp X := (ker X)*, we also have D(p,c) = 1 iff
suppp L suppo.
(3) D(p,0) = D(UpU", UcU") for all unitaries U and D(pa,04) < D(0ap,7aB).
(4) D(p,0) =sup{tr[P(p —0c)]: P >0and 1 — P > 0}.
(5) D(p, o) is related to the maximum probability of distinguishing p and ¢.
Definition 30. The fidelity F(p,c) of quantum states p and ¢ is defined as

1
2

F(p,0) = | VoV, = tr (02 -p- o)

Properties of the fidelity.
(1) 0< F(p,0) <land F(p,0) = 1iff p = o and F(p,0) = 0iff suppp L suppo.
(2) F(p,0) = F(0,p), but F is not a metric.
(3) F(p,0) = F(UpUT, UcU?") for all unitaries U, and F(p4p,0ap) < F(pa,04).
(4) F(-,) isjointly concave: F(Y; pipi, ¥ pioi) > L piF (i, 07)-
(5) For pure states i) and | ), (¢, ¢) — | (9]¢} |
(6) Uhlmann’s theorem:

F(p,) = max{| (¢°1?") | : |yP) purifies p, |¢7) purifies o'}.

Proposition 5.3 (Fuchs-van de Graaf inequalities). For any two quantum states p and o,

1—F(p,0) < D(p,0) < /1= F(p,0)*

6. INVARIANT STATES

Detecting entanglement in arbitrary bipartite quantum systems is NP-hard. This is easier in the presence of
symmetries.

6.1. WERNER STATES

Definition 31. Let 4 = Hp = C“ be d-dimensional Hilbert spaces d > 2. A quantum state p4p on H 4 ® Hp
is called a Werner state if

(U Wpap(UeU)" = pap
forall U € Uy.
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Recall that Schur-Weyl duality gives a decomposition

(Cd)®” — P viaw,

/\"dl’l

where
o theirrep V) of S;; has an orthonormal basis index by the set of standard Young tableaux of shape A F; n,

and
n!

i jyer B )
o the irrep W) of U; has an orthonormal basis indexed by the set of semistandard Young tableaux of
shape A F; n and numbering {1, ..., d}, and

dimV;\ = d/\ =

A=A+
dimW, =m, = [] Az Ai
1<i<j<d j—i

If n = 2, there are only two partitions of 2: 2 =2 4 0 and 2 = 1 + 1, with corresponding Young diagrams

D:‘ and

respectively. The dimension of the corresponding irreducible representations V(; ) and V1) of Sy is 1, so
Schur-Weyl duality in this case becomes

((Cd) #_ W20 W)

The representation space W(, o) is the symmetric subspace Sym?(C%) = {|v) € (C*)®2 : Flv) = |v)} where F
is the swap operator. The dimension of W, 5) = Sym?(|C?) is Mgy = dim Sym?(C4) = (dH)

The representation space W 1 is the antisymmetric subspace Al (C?) = {|v) € (C9)®2 F|v) = —|v)}, and
it has dimension 1, ;) = dim Alt?(C) = (d d@-1)

Using Schur’s lemma and (U ® U)pap(U ® U) = pap gives

PAB = €(2,0) Iwi e D ca1) Iwy
for some c(5 ), ¢(1,1) = 0 with

dd+1 dd—1
1 :C(Z,O)%"'C(l,l) ( 2 )

The Young symmetrizers for (2,0) and (1,1) are given by

e =1+F, eq) =1-F
and hence we have the projectors
Py = %(]l +TF) onto V(p0) ® Wip0) = Wia)
1
Puy) = §<]l —F) onto V(1 1) ® Wi 1) = Wy 1)
with tr Pp ) = d(d ) and tr Py = d(d2—1)

Proposition 6.1. A Werner state has the form p45 = xd(d+1) Py + (1= x)ﬁp(m) where x € [0,1] and
Ppg) = 3(1+F), Pyqy = 3(1-F).

Proof. The claim follows from tr P gy = dim Wi ) = d(dH) and tr P 1) = dim Wy 1) = d(d; DY |
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A Werner state p 4 has an alternative parametrization using the visibility a, which is defined by a = tr(p 4pF):

1

PAB = m [(d—zx)]l + (dﬂé— 1)F] .

Definition 32. For X € £(C¥ ® C¥) we define the twirling operation
T(X) = / dU (U@ U)X(U e U)',
Uq
where dU denotes the Haar measure on Uj;.

Proposition 6.2. Properties of Werner states:
(1) Every Werner state is invariant under 7.
(2) Let pap be an arbitrary state. Then 7 (p4p) is a Werner state of visibility & = tr(Fpap).

Proof. (1) If (U® U)pap(U @ U)t = pap forall U € Uy, then

T(pas) = /Ud dU (U ® U)p4p(U @ U)*

= du
/Ud PAB

= PAB/
by normalization of the Haar measure.

(2) We compute:

(U U)T(pap) (U U)" = (U U) dV (Ve V)eaa(Ve V)T (U u)t

Uy
— /u AV (UV @ UV)pap(UV @ UV)'
d
= T(pas),
by left invariance of the Haar measure. Hence 7 (p4p) is a Werner state of visibility
a = tr(T(0ap)1)

= |, dut [(u ® U)pap(U @ U)HF]

_ /Ud dU tr [pAB(u R U)'FU® u)}

= tr(paglF) using (U@ U)'F(U®U) =FforallU. MW

Lemma 6.3. Let 045 be a separable state. Then 7 (0 4p) is separable as well, and tr(7 (c45F)) > 0.

Proof. If o4p is separable, that is, c4p = Y ; pi(fg) ® (71(;), then clearly (U ® U)oap(U @ U)" is sepa-
rable for all U € Uy, and a suitable approximation of the Haar integral using Riemann sums shows
that 7 (c4p) = fUd dU (U ® U)oap(U ® U)" is a limit of a convex combination of separable states

and hence is itself separable. For a product state p4 ® xp, it can be shown that tr((p4 ® xp)F) =

tr(oa - x) > 0,since pa, x5 > 0. Hence,
tr(casFap) = Lpitr [0 @) )F| >0, m
i
Remark. (1) The identity

tr[(Xa ® Yp)F] = tr(X4Y3)

is often called the “swap trick.”
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(2) Leta € [0,1] be arbitrary, and set |¢) = +/&|0) + /T — a|1) for some orthonormal |0), |1) € C?. Then

tr[(¢a ®[0)015)F] = tr(|p)gl 410)(0]4) = | ([0) |* =,
and hence T (¢4 ® |0)0|5) is a separable Werner state of visibility a.

We now show that every Werner state pp with tr(ppF) < 0 is entangled. To this end, we will employ a
useful criterion for entanglement based on the partial transpose

Op :=idy ®U,

where 9 : X — XT denotes the transpose. On product operators, we have 9p(X4 ® Yp) = X4 ® YBT .

Proposition 6.4 (PPT criterion.). For every separable state 045, 95(cap) > 0. Hence, if 9p(p4p) has a negative
eigenvalue, then p 43 is entangled.

Proof. Letoap =Y Pi‘TX) ® ‘71(3i)

is positive semidefinite, we have

be separable. Since ¢j is linear and X is positive semidefinite iff XT

i NT
8s(cap) = Lpiey @ (o)) =0,

as a convex combination of positive semidefinite operators. W

Lemma 6.5. A Werner state p4p is entangled if tr(p4pF) < 0.

Proof. We can parametrize p 45 with o = tr(p4pF) < 0 as

1

PAB = A@-1 [(d—a)l+ (da —1)F].

We also have 85(145) = 14p, and fixing an orthonormal basis {|i)}%_, of C? we can write

d
Fap =Y |i)jl4 ® j)ilg,

ij=1
and hence
d
O5(Fap) = Y 1i)jla ® (Ii)ils)" (24)
ij=1
d
= 3. 114 @ 19ls 25)
i,j=
= d|OTN DT 45 (26)

with |®T) = % Y% i) 4]i) is a maximally entangled state. Then 9p(p4p) o (d — a)l + d(da —
1)|®* ) PT|. Write X4p for the operator on the right side of this equation. Let P4p be the projection
onto span{|®*)}+, then

Lap = [@TNP |45+ P,

and hence X 43 has eigenvalues A\; = d — & +d?ax —d = a(d> — 1), Ay = d — a. For a < 0, we have
M =ua(d*>—-1)<0,sinced >2. N

The following proposition summarizes what we have proved so far.
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Proposition 6.6. A Werner state p 45 is entangled iff tr(p 45F) < 0.

The PPT criterion is generally only a necessary criterion for separability. There are entangled states p op with
By (pap) > 0; these are called “bound entangled” states.
However, the PPT criterion is also sufficient in some special cases:

(1) A Werner state is separable iff it is PPT.

(2) Let A, B be two systems with dim A - dim B < 6. Then a state is separable iff it is PPT.

(3) This result can be generalized to some low-rank states in higher dimensions.
We can generalize Werner states to the multipartite setting: Let 7, = C? fori = 1,..,n. A state py;...5, is
called a multipartite Werner state if

U®nPA1~“An (u+)®n = LA Ay

forall U € Uy.
Schur-Weyl duality for multipartite Werner states. Let A = span{U®" : U € U,} and B = span{Qy : 7 €
Sy}, where Q := ¢(71) where ¢(7r) denotes the action of S,,. Then

u®npAl“‘An (u’f)@n = pAl"'An

for all U € U, implies
PAA, € A = B,

and thus
PA;-Ay = 2 cnQn

TES,

for some c; € C.

In the n = 2 case, we had p4, 4, = a1 + BF. This expression for p 4, ...4, may not always be useful since the Q
are not always positive semi-definite.

Alternatively, one can consider the decomposition

(CH®" = P V) & Wy
/\"dfl

Using Schur’s lemma, U®"-invariance forces p A,--A, to be a scalar multiple of the identity 1yy, on W,. Thus

LA Ay = @ XAPA ®
/\Fdi’l

where (x)) - ,n 18 a probability distribution, p, is a quantum state on V) for A b-; n, and m, = dim W,.
If in addition p 4, ... 4, is symmetric, thatis, Qrp4,...a, Qf = PA;...A, forall T € Sy, then

1

— 1w, = XAPA,
— W) Z APA

1
pAl"'Aﬂ = @ x)‘di]]'v)\ ®
A Abgn

/\Fdi’l

where p) = ﬁPA and P, is the projector onto V), ® W,.
6.2. ISOTROPIC STATES

A state p4p on systems AB with H4 = Hp = C? is called isotropic if (U ® U)pap(U @ U)" = pap for all
ueu,.

Clearly (U ® U)1op(U® U)t = 15 for all U € U, as well. Using 85(P} ;) = %FAB, Schur-Weyl duality
shows:

Proposition 6.7. An isotropic state p4p canbe writtenaspap = (1 —x)|®THDPT| 45 + xdl—2 Iypforx e {O, ‘1211%1} .

Since trg ¢4 = %]114, we have

1
pAB:(l—x)CDXBerﬁ]lA@]lB (27)

= (idg ©D)(®}p), (28)
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where we defined the depolarizing channel

Dx(w):=(1—-x)w+xtr(w)=1,

[Ul =

which is an important noise model satisfying Dx (UwU') = UDx(w)U' forall w € L(CY), U € Uy.

~—

d? ).

Proposition 6.8. Let 045 := (1 — X)) + 5145 with x € [0, 7~

(1) pap is separable iff x > %.

(2) Let o4p be arbitrary with B := tr(c4p®P}5) = (P |oap|PT). Then
/U (UeWoap(UeU)" = pap(y)
d

where y = dzd—il(l - B).

Proof. Exercise. u

7. THE DE FINETTI THEOREM
7.1. EXTENDABILITY OF QUANTUM STATES

Consider a bipartite state p 5. We call p op k-extendible if there exists a k-extension, a state p o, ..., with B; = B
and pap; = trp,..B; 1B, B, PAB,.-B, = pap foralli=1,... k.

Lemma 7.1. Separable states are co-extendible.

Proof. Let opp = Y ; piag) ® (Tg) be separable, then o4p,..5, = }; piag) ® 01(;) R ® UE(;? defines a
k-extension for arbitrary k € N. |

Conversely one can show that for every entangled state p4p exists a ko such that p4p has no k-extension for
k > ko.

Example 16. Pure entangled states are not even 2-extendible.

This is usually called the monogamy of entanglement:
A quantum system cannot be entangled with a large number of other systems.

The De Finetti theorems provide a quantitative version of monogamy.
7.2. A DE FINETTI THEOREM FOR PURE SYMMETRIC STATES

We will focus on pure states in the symmetric subspace Sym” (C%) = {|p) € (C)®" : ¢(7)|¢p) = |p)}. Note
that dim Sym" (C) = ("7?~1) by Weyl’s dimension formula.

Lemma 7.2. Let |)) € C? be arbitrary. Then

= ("0 ) [, duwieiein

is equal to the projector onto the symmetric subspace.

Proof. This follows from showing;:

(1) 7, € End(Sym”(C%))

(2) Uy acts irreducibly on Sym” (C%) via U — U®".

(3) my, is invariant under this action and Schur’s lemma.
Details are left as an exercise. |
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Proposition 7.3 (De Finetti theorem for pure symmetric states). Let %, = C? and [¢) ApA, € Sym" (C%).
Then for any k < n,

D (v [ d0p(leNpl™) < /755

Here p(¢) is a probability density that depends on |) and d¢ is the measure on pure states induced by the
Haar measure, that is, |¢) = U|¢@o) for some fixed |¢o), and d¢ f(|¢)) = dU f(U|¢)).

Proof. The main idea is the following: For m = n — k interpret 7, = (th‘H) [de|e)e|“™" as a
continuous POVM with operators (””n’f*l) |9)(@|“™ measuring the last m systems that we trace out.
Getting a specific outcome |¢) € C? should then imply that the first k systems are also in the state
|l[)>®l on average, due to the permutation invariance of [1) 4...4 . Since [¢) 4;... 4 is symmetric under

arbitrary permutations, in particular we have |A; -+ Ay) = (1; ® 1) |P) Ay--a,- Hence,

lpAl..‘Ak = trAk+1...An |¢><¢‘A1An (29)
=ty [(L @ 7)) a0, (30)

d— n n
= (") [uaes el 9)) @)

where the last equality uses the the partial cyclicity property

tr2((1® X2)Y12) = tro(Y12(1 ® X3)).

Vr@les) = ("7 ) Qs o), .0, € (€

where p(¢) > 0 ensures that (ey|e,) = 1. Note that p(¢) is a probability density, thatis, [ de p(¢) =
1. Hence, we have ¢4,..4, = [ d¢ p(¢)|ey)(ey|- We want to show

We define

[ dop(@)leglesl = [ do p(o)loel ™

First, we compute the average (squared) fidelity of |e,) and ) ©F

/d(”p F(leg). lo)” /dfpp ) (egl9“¥[ep) (32)
= <m+d >/d (o= ) (33)

- <m +r:_ 1> ' <n+Z_ ) (|7t m| ) (34)
:<m+d_1>'<k+zzfnf_l)l (3)
(k+21§—3~~g:1++n1)+1) (36)

(i) = (- em) @

21 (39)

>1- % )

We are now prepared to finish the proof. Recall the Fuchs-van-de-Graaf inequality D(p, o) < /1 — F(p,0)?
(which is in fact an equality for pure states).
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(l/JA1 Ak,/dqvp §0><(P|®k> </d¢p g (egl) /dcpp |¢><<p|®k> (40)

/d§0 p(@)D(leg)eql, |§0><(p|®k) by convexity of norms
(41)
< /dfp p(@)y/1—Fleg, 9k)? (42)
< (/ do p()(1—F(ey, q)®k)2)) i by Jensen’s inequality
(43)

(1 - /d(pp F(eg, ™) )i (44)
<fi-a-t_ M 45)

7.3. EXTENSION TO PERMUTATION-INVARIANT MIXED STATES

A state pa,...a, is called permutation-invariant if

QﬂPAlmAn Q;r-f = PA;-Ay

forall T € S, where Qr = ¢(7).

Our goal is to prove the de Finetti theorem for permutation invariant p. Our strategy will be to use our
theorem from Section 7.2 for pure states. But first, we need to relate permutation invariant states to pure states
in Sym” (C*). This relation is provided by the next lemma.

Lemma7.4. LetH,, = Clfori=1,..,nand PA,.--A, be permutation invariant. Then p 4, ...4, has a purification
|pP) € Sym™ (C? @ C4).

Proof. Let pa,..a, = Lacspec(p) APA be a spectral decomposition where Spec(p) is the set of distinct
eigenvalues of p with corresponding orthogonal projector P, into the eigenspace H,. Since p =
QrpQt forall € S,;, we have for any A € Spec(p) and |@) € H, that

M) = plo) = QrpQl|p)

and hence Qf |p) € H, for all T € S, that is, the eigenspaces are permutation-invariant too, and
PyQr = QP forall m € Sy, A € Spec(p). Define M = ¥ cspec(p) VAP, then we we have QM =
MQ forall 7 € S,,. Now let

|®) A1 4Ry - 2 |} an ® |x)

where {|x)}9_ | is a product basis for (C?)®", and set [¢*) = (M ® Lgn)|¢). Then

trgn l/)‘?ann = M(tar P AnRn )M+ (46)
= MM* (47)
=Y VANP\Py = par. ('since P\Py = 5,1/ Py) (48)

AN

1%

Note that if S,; acts on both Aj,..., A, and Ry, ..., R, via Q, then S, acts on Aq--- A Ry - Ry,
ARy -+ AnRy via Qr @ Qn.
The following calculation proves that |¢*) € Sym™(C¥ ® C*), which completes the proof.
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(Qr @ Qn)[¥F) = (Qr ® Qr) (M@ 1)[9) (49)

= (QM @ 1)(1® Qn)lg) (50)

= (QMQL ®1)|¢) by the transpose trick (51)

= (MQ-Qf ®1)|p) since [M, Qx] =0 (52)

= (M®1)[p) (53)

= [yF) forall T € S,. | (54)

Proposition 7.5. Let Hy, = C? fori = 1,..,n and p A,--A, be a permutation-invariant state. Then for any
k<mn,

d%k

k
D(pay---a / dp(o) e®) < p—
where dy(c) is a measure on the space of mixed states on C* that depends on p.

Proof. Let [¢°) yugs € Sym”(C? ® C%) be a symmetric purification of p. Applying the symmetric
subspace de Finetti theorem shows

d2k
n—k

D (#nyauny | dop(@)loolh) <

for a suitable probability density p(¢). The claim now follows from the monotonicity of D(-, -) under
partial trace:

D (pAl---Ak//d(P p(e) trg 40%) <D (l/ﬂ”//dq) P(cp)lqv)((pI?’é) (55)
d2k
<Al ™ (56)

8. APPROXIMATE CLONING

Classical and quantum information are fundamentally different. Classical information can be cloned and thus
replicated arbitrarily. This is impossible for quantum information, as the main theorem of the next section
shows.

8.1. THE NO-CLONING THEOREM

Theorem 8.1 (No-cloning theorem). Let A, B be d-dimensional quantum systems. There is no unitary U € Uy
that achieves the transformation

U: )4 ®[0)p = )4 @ [h)g
for arbitrary |) € H 4. Here |0) 5 is some reference state.

Proof. Let |¢), |¢) € H 4 be such that

Then

(Pl) = (Yl @ () (|9) ® |p)) (57)
(gl @ (hu'u(le)  |0)) (58)
= (¢|o). (59)
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This proves (i|¢@) must be either 0 and 1,which proves there is no U that achieves U(|y) ® |0)) =
) forall |p). MW

8.2. APPROXIMATE CLONING MACHINES

Exact cloning is forbidden by the no-cloning theorem, but what about approximate cloning? We consider the
scenario where we are given a Hilbert space of dimension d and N copies of a pure state |p) € H. The goal
is to produce an approximation of M copies of |)(y| for some M > N. The figure of merit for this scenario is
defined as follows. Let T be the approximate cloning map

T: L(H®N) — L(HOM).

We require T to be a completely positive and trace-preserving linear map. We define the worst case fidelity of T

by

F(T) = WfP(sz T(p=N))? (60)
l‘gftr(wg’MT(w@")) (61)

The next lemma gives an upper bound for the worst case fidelity.

Lemma8.2. Setdy := dim Sym™ (%) = (“*"N~1). For any approximate cloning map T : L(HZN) — L(HZM),

d d+N-1\(d+M-1\""
Fm< =)
Proof. Foragiven T : L(H®N) — L(H®M) define a twirled version
T(X) ::/U (UHEMTUEN X (U PN UM du
q

which satisfies T(U®NX(U*)®N) = UMT(X)(UT)®M forall U € U,. Let |¢) € H be arbitrary, then

tr(go®MT /dUtr U+)®MT(U®N¢®N(U+)®N)U®M} (62)
:/duu (UpU)*MT((UpU™)™N)| (63)
> /dUF(T), (64)

where the last inequality uses
tr [(UpU") M (Uput)™N)]| > i‘n>ftr(1,b®MT(1p®N)) — F(T).
¥
Taking the infimum over |¢) € H, we get F(T) > F(T). Now let Ty := diﬂN where 7y is the
projector onto Sym™ (H). Using that U®N 7y (UT)EN = 7y for all U € Uy, we get
UPMT (o) (UM = T(UN oy (U *N) = T(t)

for all U € Uy. Schur-Weyl duality then implies T(ty) = Aty + (1 — A)o where o L Sym™ (%) and
A €10,1].
We also have for every |@) € H that 1y — |@)(1p|“N > 0. Therefore

0 < T(mn — lp)e|“N) (65)
= T(nn) = T(9*N) (66)
= dyAty +dn(1— A)o — T(p®N). (67)
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We can further compute

O<tr {<P®MT(7TN - |§0><<P|®N)} = dN/\tr(qo®MTM> +dn(1-A) tr((p®M0) ~ tr{q)@MT((p@N)],
(%) ) ()

The quantities (*) and (**) can be simplified:

(%) = tr(q’@MﬂMdﬁ) _ ﬁtr(q)(@M) _ i

7

(x%) = tr(anJ@MnMU) = tr<g0®M7TMU7TM) =0.

This gives tr [®MT(¢®N)]. Therefore we have the following chain of inequalities, which completes

the proof.

F(T) < E(T) < e[ "M T (V)] < vy g

dm dm’

Can the bound in the lemma be achieved? The answer is yes; the following map achieves it. Define

d M-
T(X) = ﬁnM(X@ldM N)?TM.

The action of this map on X € L£(H®N) can be understood as consisting of the following three steps.
Step 1. Extend state trivially from H®N to H®M.
Step 2. Project down to symmetric subspace Sym™ (#).

Step 3. Normalize to get a quantum state.
To compute the fidelity F(T) of this map, we have for arbitrary |¢) € H,

tr [p*MT(p"N) | = %tr 9" Mma(9°N @ 1) (68)
= s—Ntr [ﬂmqo@MnM(fp@N ® 11)} (69)
M
_ Zﬂtr [(P®M((P®N ® 1)] (70)
M
_dN
= 71)

Therefore F(T) = Z—Af\/’l >1-— % for M = N+ K.
These results are due to [Wer98].

8.3. FURTHER RESULTS ON APPROXIMATE CLONING
(1) The approximate cloning map

T(p) = %w(p © 1MN) (%)

is the unique cloning map achieving F(T) = g—M.

(2) The fidelity F(T) = infjy F (p®M, T(p®N))? measures the quality of the full output state, which in-
cludes correlations between different systems. We might only be interested in comparing single copies;
can we find a better map in this case? Interestingly, the answer is no. The cloning map in (x) is also

optimal for the single-copy worst-case fidelity

Fs(T) = ilf;)fF(ilff trpp 1) T(PEN).

See [KWO01].
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(3) There are asymmetric cloning machines for which the single-copy fidelities on different sites are not
necessarily equal. It is hard to obtain optimality results in general.

(4) There are also state-dependent approximate cloning protocols that exploit some known structure in the
state to be cloned.

(5) An important application of approximate cloning is in quantum cryptography, specifically quantum
key distribution (QKD). Here, a set of eavesdropping attacks can be described and analyzed using the
approximate cloning framework, which leads to security proofs for QKD.

For more information on quantum cloning, see [Sca+05].

9. SPECTRUM ESTIMATION
9.1. PROBLEM SETUP

Density operators describe the state of a quantum system. Mathematically, p is a quantum state iff p is positive
semidefinite and trp = 1. A quantum state p has a spectral decomposition p = Y9, A;|e;)(e;| with eigenvalues
(M), satisfying A; > 0and ¥; A; = 1 and eigenvectors {|e;) }1 (eilej) = ;. In this chapter we are interested
in the task of estimating the (unknown) density operators p of a quantum system. We focus on estimating the
spectrum {A;}%_, of p. We make two assumptions:

(1) We have access to an experiment that prepares the system (exactly) in the state p.

(2) We can run this experiment # times and perform joint measurements on all n copies at the same time.

The idea is that we will estimate spectrum of p by measuring p®".

The goal is to devise a strategy that gives exact result with probability approaching 1 as n — oc.

9.2. SYMMETRIES OF SPECTRUM ESTIMATION

The state p®" is permutation invariant:
Qup®"Qk = p®"
forall Tt € S,,.

Hence, without loss of generality, the desired measurement also has permutation invariance, since for any
P > 0 we have

tr(Pp™") = tr(PQrp®" QL) = tr(QhPQRp™"),

and so tr(Pp®") = tr(Pp®") with
- 1
P=- ) Q«PQL

|
n: TES,

We also know that p and UpU™ have the same eigenvalues for any unitary U € U,. Therefore, we can impose
U®" invariance on measurement operators as well.
We have both S, and U invariance, so Schur-Weyl duality gives the decomposition

d\®n
CH"=P W ® l\///\/
Abgn Sy irrep Uy irrep

For A k-4 nlet Py be the projection onto V), ® W), then Py > Oand } ), Py = ]lfgf (thatis, P, is a measurement).
Furthermore [Py, Q] = 0 forall r € S,, and [Py, U®"] = 0 for all U € Uy. Invariance under both S, and Uy is
satisfied by P,; it is thus a good candidate for spectrum measurement.
Question. What does the outcome “A F; n” mean?
Observation. Let A = (Ay,..., Ay) b4 n, thatis, Ay > -+ > A; > 0and 2?11 A; = n. Therefore A := % is a valid
spectrum of a quantum state! Thatis, A; > 0and Y7 | A; = 1.
Idea of spectrum estimation. Let p have spectrum r = (11, ...,74) (WLOG v1 > v3 > - -+ > vy).

(1) Measure p“" w.r.t {P) }.

(2) For outcome A 4 n, set? =

(3) Prob(? #r) = 0asn — oo.
The measurement in (1) is often called weak Schur sampling. The main result of this chapter is to show (3).

s>
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9.3. WEAK SCHUR SAMPLING

Our goal is to bound the probability of obtaining outcome “A” (where A b, n is a Young diagram) in weak

Schur sampling. That is, denoting by P, the projector onto V) ® W) in the Schur-Weyl decomposition, we want
to bound

tr(Pap™"),

where p is the unknown quantum state whose spectrum we want to estimate.

Since Q-p*"Ql. = p®", we can write
= @ Ly, ®pa
/\Fdi’l
for some positive semidefinite operators p, € End(W,).

Recall that W), = er(C%)®", where T is the standard Young tableau of shape A t; n. The first step is to
characterize W), so that we understand the effect of Py on p®".

Definition 33. Let x,iy € RY, and denote by x*, y* the vectors of components of x, y sorted in non-increasing
order (e.g. xi > - > xﬁ). Then y is said to majorize x, in symbols x < y if

’Zz 1% _Z y#forallqzl,...,d—l,

.Zz 1xl_zz 1Yi-

Now consider the spectral decomposition p = Y"4_, ;]e;)(e;|, and form the tensor product basis B = {®i4 |el]> :

ij € [d]} of (CH®". For |v) € Blet f = (fy,..., f4) be the frequency distribution of [v): f; is the number of times
le;) appears in |v). Note that f is an (ordered) partition of .

Lemma 9.1. Let [v) € B with frequency distribution f, and let T be the standard Young tableau of shape
A F4 n. Then er|v) = 0 unless f < A.

Proof. Observe that if T has a column with indices j and k such that |ei].> = le;,) in |v), then er|v) = 0.
This is because e o vrcr antisymmetrizes over columns and c¢r = ¢7(1 — (jk)) (proof: exercise.).
Now WLOG assume f; > f, > --- > f;. If er|v) # 0, then f; < A (length of the first row of A),
because otherwise some column would have two indices j and k with |e;;) = |e;,) in |0) (where i; = iy
has frequency f1), in which case er|v) = 0 (the basis elements |el-].> “spill over” into the second row).

Likewise, if f1 4+ fo > A1 + Ay, then the same thing happens in row 3 or further down, hence f; + f> >
M+ Ayifer|v) 0
Continuing in this manner, we get

WMQ

q
Z jforallg=1,..,d-1,

and
d d
) fi LA
i=1 i=1
iferlv) #0. W
Proposition 9.2. Let p be a density operator with spectrum r = (rq,...,r;) where ry > rp > --- > r;. Let

A= (A1, Ag) Fgnand A = 2. Then

tr(Pp®") < (n+ 1) exp(—nD(A[|r)),

where D(A||r) is the Kullback-Leibler divergence between A and r, defined by

D(pllg) Zp, log
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for probability distributions p, g with supp p := {i : p; # 0} C suppgq. The KL divergence satisfies D(p||q) >
0and D(p||q) = 0if and only if p = g.

Proof. Recall that for A F; n we denote by SYT(A) the set of standard Young tableau of shape A. Then

Py= ) er

TESYT(A)
with the Young projector et associated to T € SYT(A). Note that

n! n!

— <
i jjea (i) ~ TTE, A

ISYT(A)| = dim V) =

where the last bound is left as an exercise.
Hence for A ; n, we have
tr(Pyp®") = ) tr(erp®").
TESYT(A)

Fix some T € SYT(A), and recall that p®" has eigenvectors |v) € B (with B the tensor product basis of

eigenvectors of p defined previously) with eigenvalues []; r{i , where f = (f1, ..., f;) is the frequency
distribution of |v). We can thus write

Z TTroX

v)EB i

Now, by the previous lemma,

tr(erp®") = ) Hr tr(er|v) (72)
|v)eB i
= ¥ [T+ alerfodfol), 73)
|v)eB i
f=A

To bound this expression further, we use the following simple fact from majorization theory (see
exercises):

if x < y and u € R is arbitrary, (x%, ut) < (yt,u').

Choosing x = f,y = A and u = (logry, ..., logr,;), we get

d d
uy =Y filogr; <Y Ailogri = (A u).
i=1 i=1

Exponentiating this yields H - 1’fZ < H 17 Y, and hence

tr(erp®") = Z Hrfl tr(er|v)(v]) (74)

v)eB i
f<A

<Hr tr |er Z |v) (75)

|vyeB
f=A
< Hr;\" trer since ) [o)(v| <1 (76)
i |v)eB
f=A
Ai s
= Hri dim W, (77)
1

(78)

<[Tr
1
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where we used the dimension bound dim W, < (n + 1) (see e.g. Christandl’s PhD thesis.)
Putting everything together we have

tr(Pyp™") = ). tr(erp®™") (79)
TESYT(M)
d(d—1) ,
<m+1"T ¥ Hr (80)
TESYT(A) i
d(d-1) d 1)
=n+1) HZA'Hr (81)

n!

The result now follows from a well-known bound on the multinomial coefficient () = ATeAt

Ai
namely () < ITe (£> together with the observation that
_ 1
nD(A||r) = ”2 lo <nr,> (82)
-V 2
= ,Z A log(ml) (83)
Ai
= Liog (%) (34

so that exp(—nD(A|[r)) :Hir?i(%)Ai' u

1

9.4. ASYMPTOTICS OF SPECTRUM ESTIMATION

We have proved that for a quantum state p with spectrum r = (ry,...,73),#; > riypand A b4 n,

tr(Pp™) < (n+1)"%" exp(~nD(X||r)),

where A = 2 and D(:||-) is the so called relative entropy. We can extend this bound to a set S of possible
spectra as follows. Set
=) Py

AFn
AeS

and note that

AFn
A€S

tr(Psp®") < (n+1) o exp(—nmmD()\ )

which follows from picking the A with the slowest convergence, or equivalently the minimum D(A||r), and
using

S| < [{Atgn} < (n+1)4.
(this heavily overestimates the number of Young diagrams with #n boxes in d rows, but it is sufficient for our

purposes.)
Finally we consider the e—ball

reY il < e}
i
around the true spectrum r. Choosing S = B.(r), we obtain:

Proposition 9.3. Let p be a quantum state with (ordered) spectrum r = (ry, ...,7), and for given é > 0, let

Pp= ) P
_ Akn
)\635(7)
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Then for any € > 0 there exists ng such that for all n > n

tr(Ppp®") > 1—e.

10. QUANTUM STATE TOMOGRAPHY

10.1. WARM-UP: PURE STATE ESTIMATION

Quantum state tomography is the task of obtaining a classical description of an unknown quantum state p. We
make the same assumptions as in spectrum estimation:

(1) We can prepare identical copies of the unknown state p.

(2) We can make joint measurements on all copies simultaneously.
The task then is to find a measurement on p®" that yields asymptotically accurate estimate of p.
In this section we will consider the simpler task of pure state estimation: assuming a quantum system H is
prepared in an unknown pure state |¢), we want to estimate i by measuring |¢)(1p|“".
We know from previous chapters:

(1) p®" is permutation-invariant, and moreover
(2) p®" is supported on the symmetric subspace.

Our ansatz for the measurement will be

([T e

n

where |¢) is distributed according to the Haar measure d¢ on pure states.
This is a continuous POVM on Sym" (#), it satisfies:

o |p)(g|®" > 0forall |p) € H.

. (”*}‘f*l) [ de ) @|®" is the projector onto Sym” (#) and hence equal to the identity on that space.

Remark. Recall from Chapter 5 that projective measurements correspond to the spectral decomposition of
Hermitian observables. A POVM can be “purified” to a projective measurement on a larger space (which is
the system and its environment). How can we then make sense of a continuous POVM on a finite-dimensional
Hilbert space?
This was answered by Chiribella et al. in [CDS07]. A continuous POVM can be expressed as a continuous
random variable taking values in some set () with probability density pq. For each w € (), there is a discrete
finite POVM M,,. The outcome of the continuous POVM is obtained as follows:

(1) sample w € Q) according to p

(2) Measure system with M,,.

Using the ansatz for the measurement given by {Q,, } with

Qpi= ("7 )lgkol™,

n

we propose the following protocol for pure state estimation:
(1) Measure |p)(y|“" with respect to {Qop}-
(2) Outcome [¢f) is our estimator for [i).

Claim.
and so

E; (DG ) < % L 0asn — oo,

The proof of this claim is left as an exercise. This was essentially calculated in Chapter 7.
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10.2. SYMMETRIES OF STATE TOMOGRAPHY

Suppose we have an unknown quantum state p with spectral decomposition p = }; |e;){e;|A;. Our goal is
to find a measurement on p®" that yields asymptotically accurate estimates of p. In the previous section for
pure state estimation, our ansatz for the measurement was a collection of POVM operators proportional to
) @|®" = (U|¢o><¢o|ll+)®n, where | o) is a fixed pure state with spectrum (1,0,...,0) and U is a random
unitary operator.

The idea for full tomography is to replace |¢p)(¢o| above by a diagonal state with an estimate of the spectrum
and take Haar-random U as estimate for the eigenbasis. The guess for Spec(p) is obtained as in spectrum
estimation: measure p“" with respect to the Schur-Weyl decomposition {P, } -, where P, projects onto the A
component in (Cd VO = B Vi @ W)y
It remains now to incorporate U in the measurement. To this end, denote by D(H) the set {p € L(H) :
p > 0,trp = 1} of density operators on . We look for a continuous POVM { Mg },cp(3) with the following
symmetries:

(1) Permutation invariance: QxM,Ql. = M, forall r € S,,c € D(H) (since p®" has this symmetry.)

(2) Unitary covariance: M+ = US"M,(U")®" for all U € Uy, o € D(H) since we consider p and UpU*

to be equally likely, and hence

tr(p®nMg) — tr(u@np®n(uf)@ﬂu@ﬂMg(u+)®n> (85)

= tr ((UpU")*" Myoyst ) (86)

We now come up with an ansatz satisfying the two symmetries above. Let A ; n be a Young diagram.
Set A = %diag(/\l,)\z,...,/\n) and for U € U, set (A, U) := UAU'. Define measurement operators for
c=0c(AU)as

My = M(A, U) = ¢, Py (UAUT)®"P,. (87)

On outcome (A, U) we take the estimator ¢ = UAU". It remains to determine the constant c;.
Observe that the operator M, := [ dU M(A, U) satisfies:
o QO M,Qf = M, forall 7 € S,,.
o U®"M, (UT)®" = M, forall U € U,.
e M, = PyM,P) =€ End(V) ® W,). (recall that Schur Weyl duality gives the decomposition (C?)®" =
D r-n Vi ® W,) where V), has dimension d, and W) has dimension m .
We would like M, = P, to be true, sincethen1 =Y, Py =Y, M) =Y, fdll M(AU).
To compute c,, take the trace of both sides of the equation 87:

tr M, — c)\/dUtr [Py (ruty=) ] (88)
(89)

We now use the fact that P (UAUT)®"Py = 1y, ® w) (UAU"), where w), is the irrep of GL(#) on H®" labeled
by A. Thus,

tr [PA(UXUJF)@”PA} —tr [leA ® w;\(UXU‘L)} (90)
—dtr (wA(uXu*)) (1)
= d/\S/\(UXU.r) (92)

where the Schur polynomial s, is the character of the irreducible representation (w,, Wy ) of GL() (or U,;) on
H®" labeled by A b4 n.
Since characters are functions of eigenvalues (as traces), we have s) (UAU") = s, (A) and hence
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tr(Py) = dim(V), @ Wy ) = dym, (93)

tr M, = cA/dUtr<PA(UXU+)®”PA) (94)
= C)\/dUd)\SA(X) (95)
= C)\d/\S)\(X). (96)

Finally, using tr Py = tr M, givesc) = S’"—AX
A

10.3. ERROR ANALYSIS OF OUR TOMOGRAPHY PROTOCOL

We will need the following bounds on Schur polynomials:

Lemma 10.1. Let A ; n.
(1) For A = L diag(A), we have s (A) > e (M), where H(X) = ¥; —x;log x; is the Shannon entropy of a
probability distribution x = (x1,x,...,%4).
(2) Letp, o € D(H) with F(p,0) = F. Assume that rank(p) < r < d. Then,

=0 if A1>0
sr(po) = { —2nH(X) p2n

<mye otherwise.

Proof. See [Haa+16]. ]

We also record the bound B
d)L = dim V/\ < EHH(/\),

which we implicitly used in the spectrum estimation chapter.
With these bounds in place we can estimate the probabilities of our continuous tomography POVM { M, U} Aty treu,:

m _
tr [M(/\, U)P®n] = SA(%) tr [P/\(U)\UJF)@”P/\p@”} 97)
= At | Py (UAUT) 7Py Pyp®" P, (98)
S) ()\) N——— — —
view, (uaut)  Lvyew, (o)
= X tr [y (UAU ), (p) 99)
S\ A) v
w) (UAUYp)
my — ot
= —= s\ (UAUp) (100)
sa(A)
< m/\BZHH(X)mAe—ZnH(X) 21 (101)
< myF" (102)
< (n+1)%F, (103)

where we used m, < (n+ 1) for A with A; = 0 for k > r + 1 and we set F = F(p, UAU").Thus, for all ¢ > 0,
with p = UAUY, we have Pr(F(p,p) <1 —¢) < (n+1)2¥ (1 —¢)?".
For more details on this proof, see [Haa+16].

11. UNIVERSAL QUANTUM SOURCE COMPRESSION
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11.1. CLASSICAL SOURCES AND ENTROPY

Consider a classical random variable X that emits symbols x € {1,...,d} with probability py. As an example,
a biased coin gives H with probability p € [0,1] and T with probability 1 — p.

We assume that we receive a sequence of symbols from X : x" = (x1,...,x,) € {1,...,d}". A common
assumption is that the source is independent and identically distributed (i.i.d.) with probability distribution
or memoryless, and so Pr(x™) = [TiL; Pr(x;).

A central question in information theory is to ask how much we information we gain when we learn x" =
(x1,...,xn). TWo extreme examples are:
(1) For a deterministic source with pz = 1 for some fixed £ € [d] and p, = 0 for all y # %, we learn nothing
new when we receive x" = (%,...,%).
(2) For a uniformly random source with p, = % for all x € [d], all output sequences x" are equally probable
(with probability dl—n), and so a specific observed sequence x" conveys a lot of information.
One of Shannon’s many contributions was to make these observations quantitative using the concept of en-

tropy.

Definition 34. For a random variable X ~ py, the surprisal of an event x € [d] is defined as
1
I[(X) :=log — = —log px.
Px

Intuitively, the less likely an event is, the more surprising it is, and the more information we gain. The
expected surprisal of a random variable X is called the entropy of the source X.

Definition 35. For a random variable X ~ py, the entropy of the source X is defined as

H(X) := Z pI(X) = — E pxlog py.
xel[d] xeld]

Note that we use the convention that 0log 0 = 0, since xlogx — 0 as x — 0. Hence, if py = 0 for some x, then
x has infinite surprisal, but receives no weight in H(X).
Properties of Shannon entropy.

(1) For any random variable X taking values in [d], 0 < H(X) < logd. The bounds are achieved when X
is deterministic or uniformly random, respectively, as in the two extreme examples above. That is, X is
deterministic iff H(X) = 0 and X is uniform iff H(X) = logd.

(2) Concavity: let X1 ~ px and X, ~ gy be random variables on the same alphabet, and for A € [0,1]
define a random variable Z = AXj 4+ (1 — A)Xp. Then H(Z) > AH(X3) + (1 — A)H(X3).

11.2. COMPRESSING A CLASSICAL SOURCE

Our task is to compress the signals x" = (x1,...,x;,) of an iid source X ~ p, without losing information in the
limit n — oco. The previous section suggests that information content of a source X is quantified by Shannon
entropy H(X). Shannon proved in 1948 in [Sha48] that H(X) is the optimal compression rate.

The idea of source compression is to use the fact that some output signals of the source occur more fre-
quently (determined by iid probability distribution p*")) than others, and hence there is redundancy in the
information. There are two ways of carrying out compression: variable-length and fixed-length. In variable-
length coding, more frequent signals are assigned shorter code words (for instance in Huffman coding), and in
fixed-length coding, all signals are assigned the same length code words (decoding in this case is easier). We
focus on fixed-length coding. How do we characterize the “frequent” signals of a source? We use the concept
of typicality, which we now define.

Definition 36. Let (X;);cy be iid random variables each taking values in [d] and with common probability

mass function py, x € [d]. For x" = (x1,x,...,x,) € [d]|", let p(x") = [T px;. Fixing ¢ > 0, the e-typical set
Tg(n) consists of those sequences x" € [d]" for which

y—n(H(X)+e) p(xn) < o—n(H(X)—¢)

where X ~ p,.
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This definition captures a notion of typicality in the following sense. Assume that each letter x € [d] appears
roughly np, times in a “typical” sequence x". Then

p(x") = [T pi™ = T 2merlosr (104)
xe[d) xeld]

— 2" Lse[d] Pxlog px (105)

— p—nH(X) (106)

Theorem 11.1. Fix e > 0. For any 6 > 0, there is 79 € N such that the following statements hold for all n > ny:
(1) H(X) —e < —Llog p(x") < H(X) +¢ forall x" € T,
@) Pr(T™) >1-o.
(3) ‘TS(”)| < on(H(X)+e)
@ 7| > (1 - §)2nHX) =),

Proof. See Ch. 14 in [Will6]. |

We now prove that any rate R > H(X) is achievable, which is one part of Shannon’s compression theorem.
Suppose we have an iid source X ~ py. Fix a rate R > H(X) and choose ¢ > 0 such that H(X) +& < R. For
any 6 > 0, there is ng such that for n > ny, there are at most |T€(n) | < 2MHX)+e) < 2R typical sequences. Now:
(1) Index elements in T(")¢ in some way using no more that [7R] bits.
(2) Encoding: for a received signal x", decide if x" € Te(n). If yes, encode x" using the index of x" in Te(n),
and prefix with symbol 1. If no, encode x" using a fixed-length code of length [nR], and prefix with 0.
(3) Decoding: on receiving sequence 1..., output respective typical sequence. On receiving sequence
0..., declare an error. The latter only occurs with a probability at most é.
In the limit n — oo this defines a code with rate r = lim; e %(nR +1) = Rand error e — 0.
Conversely, any code with rate R < H(X) necessarily has error e 4 0 as n — co. The proof uses typicality
again. This proves that the Shannon entropy H(X) is the optimal compression rate.

11.3. STRONG TYPICALITY AND UNIVERSAL COMPRESSION

In the previous section we saw how source compression can be done based on typicality. The advantage of
this approach is that it has an easy proof using the law of large numbers. The disadvantage, however, is that
encoding and decoding depend on source statistics. In this section we will devise a code that only depends
on the entropy of the source, which is the optimal source compression rate. We will use the concept of strong
typicality, which we now define.

For a sequence x" = (x1,...,x,) € [d|" and x € [d], let

N(x[x") = [{i: x; = x}].

Definition 37. The type ¢y of a sequence x" is a probability distribution on [d] defined as f,n (x) = 1N (x[x").

For example, letd = 3,n = 5,x" = (0,1,0,2,2). Then x" has type t,» = (0.4,0.2,0.4).
Since N(x|x") can only take 1 4 1 possible values, there are at most (1 + 1)? possible types. This is only
polynomial in the sequence length n. Let Tp C [d]" denote the set of sequences x" of type t,» = P. Then

(n+1)—d2nH(P) < |TP‘ < ZnH(P)_

For a proof see [CK81].

Definition 38. Let X ~ p, be a source on [d], and fix ¢ > 0. A sequence x" is said to be e-strongly typical if
|tyn — px| < efor all x € [d] such that p, > 0 and N(x|x") = 0if py = 0. The set of all e-strongly typical
(n)

sequences is denoted by Ty ;
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Proposition 11.2. Properties of strongly typical sequences:
(1) Forallé > 0, we have Pr(T)(('fs)) >1-29.

) |ilog |T)(("€) | — H(X)| < cefor some c > 0 and sufficiently large n.
(3) For some constant ¢ > 0,

2—n(H(X)+cs) < Pr(xn) < z—n(H(X)—cs)‘
Proof. See 14.7 in [Will6]. |
The third property in the proposition above says that strong typicality implies typicality as defined in Section

11.2, which is often called weak typicality. The first two properties in the proposition above give rise to a
source compression protocol that only depends on H(X): for fixed R > H(X), define

AN = Up.H(p)<r TP
the set of all sequences of type P such that H(P) < R. Then we have by [CK81]
|AM] < (n+1)72"R (107)

because | Tp| < 2(P) and the number of types is at most (1 + 1)?. We also have

n )y < d — in D(Q||Px)| . 1
Pr(x" & AM) < (n+1) exp[ nmin D(QIPy) (108)

The protocol consists of only keeping sequences in A("), for which by equation 107 we need at most

log(n+1)
n

n—o0

%log [(n + 1)d2"R} —d +R R bits,

with the error decaying exponentially in # by equation 108.

11.4. QUANTUM SOURCE COMPRESSION

A quantum source emits quantum state with certain probabilities. We restrict to pure state sources. Let
(Px, [$x))xe(q) Pe @ quantum state ensemble, where |¢px) € H are pure states on a D-dimensional Hilbert
space. The signal |iy) is emitted with probability p,. The iid assumption in this case is to assume the
source emits sequences of states |[(yr) = |{x,) @ |Pr,) @ -+ @ |¢Py,) (which is analogous to the sequence
x" = (x1,...,%,) € [d]" in the classical case) with probability Pr(i.n) = IT_; px,-

Let 0 = Yrc(q Px|¥x)(ipx| be the ensemble average density operator. Then the average density operator after the
source has emitted 7 signals is given by p®". A source compression protocol consists of:

(1) an encoding or compression map

£: L(H®™) — L(Hy)

with dim #,, < dim H®" = D".
(2) adecoding operation D : L(H,) — L(H®™).
Define the error as

ey =1-— ZPx”F(lIJx”rD © S(l[)xn)) :

average fidelity
If e, — 0 forn — oo, we call
1 -
R = lim —logdimH,

n—oo 1

an achievable compression rate, and the infimum R* of all achievable rates is called the optimal rate of compression.
In the classical case the optimal compression rate is given by the Shannon entropy of the source; in this case
the equivalent notion is that of von Neumann entropy of the source.
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Definition 39. The von Neumann entropy S(p) of a density operator p with eigenvalues A = (A;);—1_ p is
defined as

D
S(p) = — Z /\i log )\i.
i=1
If p = Y ; Ajle;){e;] is a spectral decomposition, we can define the matrix logarithm

logp =Y logA;le;)eil.
itA;>0

The von Neumann entropy of p is then given by S(p) = trplogp.

Proposition 11.3. Properties of von Neumann entropy.
(1) 0 < S(p) <logD where D = dimH(p € L(H)). S(p) = 01iff p = |p)(¢p| is pure. S(p) = log D if and
only if p = %1y is completely mixed state.
(2) S(p) = S(UpU™) for any unitary U € U(H).
(3) S(Ap1 + (1 —A)p2) > AS(p1) + (1 —A)S(p2) forany A € [0,1] and p1,p2 € L(H).
(4) For any pure state |¢) o5, we have S(¢4) = S(yp) using Schmidt decomposition.
(5) A pure state |¢) 4 is entangled iff S(yp4) > 0.

How might we achieve quantum source compression at a rate equal tot the von Neumann entropy of the
source? Schumacher in 1995 in [Sch95] showed that this is possible using a quantum version of typicality. Let
0 = Y. px|x)(x| be a spectral decomposition of a density operator p € H. Consider the state p®" with spectral
decomposition p®" = Y pun [x")(x"'|, where pn = [T/ px, and |x") := @, |x;).

Definition 40. For ¢ > 0, the typical subspace Tg(”) of a source p = Y, px|x){(x| is defined as

Tg(") := span{|x") : x" is e-typical } C H".

(n)

The projector onto T is given by Hé”) =L g |x")(x"|. Note that the symbol TE(”) is used to denote both

the set of e-typical sequences and the e-typical subspace; it will be clear from the context which is meant.

Proposition 11.4. Properties of the typical subspace.
(1) Forall 6 > 0, and 7 sufficiently large, tr (HE”) p®”> >1—¢e—0.
(2) Let S = S(p). Then for some constant ¢ > 0,

dim T = eI < pr(S+ee),

(3) The operator g, := HE") p®”H£") is the “typical” part of p®" and satisfies g, = 2~ "ST1

pn = 0" when n is large.

g

. Furthermore,

Schumacher’s quantum source compression protocol.
(1) Perform the typical subspace measurement to project the source signals to the typical subspace.

(2) Using some enumeration of the typical sequences in T, constructa map Us =Y, - Lf (™)) (x| s
where A" = H®" and W is the typical subspace. The subspace W has dimension at most 2"(5(°)+¢), Uy
is the inverse of an isometry, i.e., Uf U} = lw.

(3) Decoding: essentially apply U;l.

This achieves compression at a rate

.1 .
R= nlgx;loalogmmw = S(p),

with error ¢, —+ 0 asn — oo.
One can also show that no asymptotically faithful compression protocol can achieve rates below the entropy
S(p), which proves that S(p) is the optimal possible rate for quantum source compression.
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11.5. UNIVERSAL COMPRESSION BASED ON SCHUR-WEYL DUALITY

Schumacher’s compression protocol achieves optimal compression rate but is defined in terms of the spectral
decomposition of the source state. In this section, we will see a compression protocol that depends only on
S(p). This protocol is based on symmetries and Schur-Weyl duality.
Quantum source compression has two symmetries:

(1) Permutation symmetry: Q-0*"Ql, = p®" forall 7 € S,.

(2) Unitary symmetry: S(p) = S(UpU") for all U € U(H) (in other words: entropy only depends on the

spectrum of p).

Schur-Weyl duality gives the decomposition

H > (R V)@ Wy
AFDH

Let P, be the projector onto V) ® W,. For A p n define A=1A(asin spectrum estimation). Now fix R > S(p)

and define "
IT R ‘*— Z P A

A:H(A)<R

This is a quantum version of the universal classical source compression code of section 11.3. Using 11y as the
projector in a source compression protocol, we can show (see [Hay02]):

dim H,, = tr[Tg < poly(n)2"R,

The corresponding protocol thus has rate

lim %logdimﬁn <R

n—oo

(2) Exponential decay of decoding error:

<2 D)*P (— 'Db/\),
en <2(n+ D)™ exp "HIE)IQR (b][A)

where A are the eigenvalues of the source p and as before D(b||A) is the Kullback-Leibler distance
between b and A. Since S(p) = H(A) < R < H(b), we have b # A for all b in the above optimization,
and hence ming )~ D(b[|A) > 0. Thus, &, — 0 exponentially as n — cc. for any rate R > S(p).
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